By solving the total energy equation, we obtain the formula of exchange-correlation functional for the first time. This functional is usually determined by fitting experimental data or the numerical results of models. In the uniform electron gas limit, our exchangecorrelation functional can exactly reproduce the results of Perdew-Zunger parameterization from the jellium model. By making use of a particular solution, our exchange-correlation functional could take into account the case of non-uniform electron density, and its validity can be confirmed through comparisons of the band structure, equilibrium lattice constant, and bulk modulus of aluminum and silicon. The absence of mechanical prescriptions for the systematic improvement of exchange-correlation functional hinders further development of density-functional theory (DFT), and the formula of exchange-correlation functional given in this study might provide a new perspective to help DFT out of this awkward situation. 
Introduction
Although density-functional theory (DFT) was proposed back in 1964 [1, 2] and was popular for calculating periodic system in 1970s, it was seldom applied to quantum chemistry until the development of exchange-correlation functionals in 1990s, which helped it win the 1998 Nobel Prize in chemistry. There are much richer applications for DFT now, for example, simulations of clusters, catalysis, and nanotechnology, which has been stimulated by the progress in approximations for the exchange-correlation functional [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , since it is the only unknown in this theory.
Perdew et al.
[17] considered exchange-correlation functional approximations as a Jacob's ladder, and they classified them into five rungs based on the ingredients used to construct the exchange-correlation functional. The five rungs from the bottom up are the local spin density approximation, generalized gradient approximation (GGA), meta-*Corresponding author (email: tcwang@imech.ac.cn) gradient approximation, exact exchange and compatible correlation and exact exchange and exact partial correlation. The Jacob's ladder rises to the goal of "chemical accuracy", which means the rates of chemical reactions (the order of 1 kcal/mol = 0.0434 eV) can be well predicted. With the exact exchangecorrelation functional DFT will be the ultimate practical theory, and it could be almost perfect if there exists any mechanical prescription that would systematically improve approximations [18] . Unfortunately, neither possibility exits at the moment. Standing on the middle rung of Jacob's ladder, we can-not see the next rung. With more research on physical models and also constraint satisfaction [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , the nature of exchange-correlation functional will be gradually uncovered. However, this research can hardly help design a better exchange-correlation functional, and we believe that this is because these models or constraints can-not suggest the form of exchange-correlation functional directly. Consequently, one is naturally led to the question, "Is there any rational consideration for searching the formula of exchange-correlation functional?"
In this paper, we obtain the formula of exchangecorrelation functional by solving the total energy equation. In the uniform electron gas (UEG) limit, our exchangecorrelation functional can exactly reproduce the results of Perdew-Zunger (PZ/CA) parameterization from the jellium model. For the case of non-uniform electron density, the contribution of the particular solution of the total energy equation is considered, and comparisons of the equilibrium lattice constant, bulk modulus and band structure of aluminum and silicon support its validity. This study, we believe, could provide a new perspective to help DFT out of the present impasse.
Formulism
Based on the Born-Oppenheimer approximation, the motions of electrons and nuclei can be decoupled, which means that in order to study electrons we only need to focus on the energy relevant to electrons. To be specific
where T , V ee , and v ext (r) represent the kinetic energy of electrons, the interaction energy between electrons and the external potential, respectively. In the Kohn-Sham method, the energy functional can be written as:
where T s [ρ] is the single particle kinetic energy, V H [ρ] is the classical Coulomb energy, or Hartree energy, and E xc is the exchange-correlation energy. Using variational principle proposed in the second Hohenberg-Kohn theorem, the wellknown single particle equation, the Kohn-Sham equation, can be obtained
where v xc (r) = δE xc /δρ(r) = ρ(r) · δ xc /δρ(r) + xc and xc are the exchange-correlation potential and its energy density. By using the energy eigenvalues i obtained from the KohnSham equation, the energy functional can be rewritten as:
Here N is the total number of electrons in the system. Note that eq. (7) is the starting point of this paper. Usually, eq. (7) is considered as a formula to calculate the total energy of the system. However, we will reconsider it as an equation (given the external potential and also the total number of electrons, the energy of the ground state is already determined, which
Since the external potential V ext could have any form (so does the corresponding ρ g (r)), and also considering the universality of the exchange-correlation functional, the above equation can be built unambiguously. This is why we can consider it as an equation for the exchange-correlation functional. Note that E g is a parameter dependent of the given system (i.e., V ext ) in our formalism.), which must be satisfied by xc [ρ] (since v xc [ρ] can be expressed by xc [ρ] , as mentioned above). Actually, eq. (7) provides constraints for the exchange-correlation functional, which is constructive when searching for its formula. Thus, we will next carefully discuss the solution of eq. (7). First, v xc = ρ · δ xc /δρ + xc is used to simplify eq. (7)
Eq. (8) is an integral-differential equation for unknown function xc . Due to the superposability for a linear equation, the solution of eq. (8) can be divided into two parts 
Particular solution (S)
xc [ρ] It seems easy to obtain the particular solution
whereρ represents the average electron density. Note that U(r) in above formula is the Coulomb repulsion potential between electrons. Because U(r) is a long-range interaction, it will diverge under periodic boundary conditions, which are usually assumed for calculations of crystals. In fact, this divergence originates from non-neutrality, which can be understood by writing Poisson's equation ΔU(r) = 4πρ(r).
Note that the above equation only considers electrons. Under periodic boundary conditions, the solution in real space is
